We formulate a quantitative theory of wave-particle duality for many-body quantum states. Its main conclusions are complementarity relations for the wave and particle character of many identical bosons or fermions equipped with a tunable level of distinguishability. The complementarity relations constrain measurement statistics and visibilities in general -possibly interactingmany-particle dynamics, and, thereby, provide a versatile framework to witness and benchmark complementarity on the many-particle level.
I. INTRODUCTION
The duality of wave-and particle-like features of quantum objects [1] lies at the very heart of quantum theory and has been contemplated since Bohr's and Einstein's early debate on the double-slit experiment [2] . According to Bohr, "evidence obtained under different experimental conditions cannot be comprehended within a single picture, but must be regarded as complementary in the sense that only the totality of the phenomena exhausts the possible information about the objects" [2] . Quantitative expressions [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] of this statement in terms of wave-particle complementarity relations, and their experimental confirmation for ever larger single quantum objects [18] [19] [20] [21] [22] [23] [24] [25] [26] unambiguously consolidate the fundamental status of complementarity on the single-particle level. Furthermore, these complementarity relations constitute a cornerstone of our modern understanding of decoherence as the consequence of the availability of which-way information -or of the manifestation of an object's particle character -in quantum dynamical processes. As the considered object's size increases, which-way information is easier to assess, and interference phenomena therefore become ever more fragile [27] , consistently with our everyday experiences in the macroscopic world.
The concept of which-way information can be successfully applied also when several identical quantum objects are brought to interfere, since then many-particle transition amplitudes sum up coherently as long as the associated many-particle paths remain indistinguishable [28] [29] [30] . Consequently, when the particles are equipped with additional internal degrees of freedom, many particle interference fades away as the interfering objects turn distinguishable through their individual internal states [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] . However, given the complexity of interference processes involved in (possibly interacting) many-particle dynamics [30, 45] , we ask whether this qualitative picture can be underpinned by stating a quantitative, many-body wave-particle complementarity relation, like the ones al- * christoph.dittel@uibk.ac.at ready known [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] in the relatively transparent single particle scenario.
It is the present contribution's purpose to give an affirmative answer to this question, and to establish a quantitative notion of complementarity for many-body quantum systems. Our framework encompasses general states of many identical bosons or fermions whose wave character relates to the states' purity and coherence properties, which dictate the interference of many-particles. On the other hand, the states' particle character is linked to the ability to discriminate the particles' internal states, and, thereby, the accessible which-way information during the state's evolution. As a result, we quantitatively express the complementarity of these many-body wave and particle characters in the form of inequalities. This entails general benchmarks for many-particle interference phenomena in experiments with possibly interacting particles. In particular, we compare the results of interference experiments of partially distinguishable particles with those obtained for permutations of the input particles, or with fully distinguishable or indistinguishable constituents. We furthermore propose visibility measures of many-particle interference that are fundamentally controlled by particle distinguishability. We will see that one of these measures coincides with the familiar twoparticle interference contrast in the Hong-Ou-Mandel experiment.
This work is structured as follows: In Sec. II we begin with a brief discussion of the single-particle double-slit experiment and derive two complementarity relations, one of which was not yet considered in the literature. Section III then treats systems of many particles, with our formalism for many partially distinguishable particles in first quantization presented in Sec. III A. In Sec. III B, we examine the many-particle state's properties with respect to particle distinguishability. Measures of wave and particle character are defined in Sec. III C, and their interdependence through wave-particle complementarity is shown in Sec. III D. Next, in Sec. IV, we consider generic many-particle interference experiments. We discuss changes in the output statistics when particles are permuted on input in Sec. IV A, compare the output arXiv:1901.02810v1 [quant-ph] 9 Jan 2019 statistics between partially distinguishable and indistinguishable particles in Sec. IV B, and relate the visibility of many-particle interference to particle distinguishability in Sec. IV C. Finally, we conclude in Sec. V. For the sake of readability, all detailed proofs are deferred to the Appendix.
II. DOUBLE-SLIT EXPERIMENT
Before we turn to the case of many particles, we briefly discuss the double-slit experiment following the approach of Ref. [7] , and derive two wave-particle duality relations. This establishes the basis for our more general considerations in the subsequent sections.
Let us suppose that a single particle, initially in the pure state |P 0 , is incident on a balanced double-slit, with the slits labeled A and B as illustrated in Fig. 1 . Further, consider a which-path detector initially in a mixed state ρ d0 = j q j |D , with probabilities q j ≥ 0, j q j = 1. Therefore, the common initial density operator of particle and detector reads
When the particle passes through the double-slit, its state becomes a balanced superposition of |P A and |P B , with |P A (resp. |P B ) corresponding to the particle passing through slit A (resp. B), and P A |P B = 0. The detector gains information about the particle's path by changing its states |D are not necessarily orthogonal:
Thereby, particle and detector become entangled, and their common state (1) becomes
The reduced state of the particle is obtained by taking the partial trace over the detector subsystem, ρ p = Tr d (ρ pd ) = J,K∈{A,B}
with [ρ p ] J,K = 1/2 j q j D (j)
Consequently, in the natural basis of the particle, {|P A , |P B }, the off-diagonal element of the particle's which-path detector screen double-slit A B
FIG. 1. Single-particle double-slit experiment in the presence of a which-path detector (transparent box). A single particle (blue ball) passes through a double-slit and is detected on a screen. The amount of information on the particle's path, obtained by the which-path detector, determines the visibility of the interference pattern on the screen.
between the different detector states. The magnitude of this off-diagonal element also quantifies the fringe visibility V of the interference pattern accumulated upon repeated particle detection on the screen,
which we can thus interpret as a measure of the wave character, with the range 0 ≤ V ≤ 1. Moreover, the visibility and, thus, the wave character quantifies the entanglement between particle and detector, as apparent by its relation to the purity of the reduced state of the particle,
On the other hand, by tracing out the particle in Eq. (2), we obtain the reduced detector state
with
The detector is thus in a balanced mixture of ρ A d and ρ B d , which correspond to having detected the particle in slit A or B, respectively. In turn, the ability to discriminate these two states via a general measurement on the detector state is related to the possibility of tracking the particle and provides a measure of the particle character.
We therefore need to compare two states ρ and σ, what we accomplish by use of their trace distance D(ρ, σ) = Tr (|ρ − σ|) /2, or their (square root quantum) fidelity F (ρ, σ) = Tr √ ρσ √ ρ [46] . Here |M | = √ M † M , and √ · denotes the positive square root of a positive semidefinite matrix. Both quantities take values between zero and one and they obey the Fuchs-van de Graaf inequalities [47] 
If ρ or σ is pure, the lower bound can be made tighter, 1 − F 2 (ρ, σ) ≤ D(ρ, σ), and if both, ρ and σ, are pure, the upper bound saturates [46] . With this in mind, we define two measures:
and
These measures quantify the ability to discriminate the which-path detector states ρ A d and ρ B d , which we identify as a particle character. It immediately follows from these definitions and Eq. (8) that
with equality for pure detector states. Note that, in the literature [6, 7, 9, 10, [12] [13] [14] 16 ], measures of the particle character are sometimes denoted by D. Here we refer to measures of the particle character by P, and reserve D for many-particle distinguishability measures defined further below. While we elaborate on quantum state discrimination in section III C 2, let us stress already here that the particle measure P t is related to P AQSD , the maximal success probability for an ambiguous quantum state discrimination [48] [49] [50] between ρ A d and ρ B d , by P AQSD = (1 + P t )/2. The second particle measure, P f , can likewise be motivated by state discrimination, since P UQSD , the maximal success probability for an unambiguous quantum state discrimination [51, 52] 
As we prove in Appendix A, both measures of the particle character, P t and P f , and the measure V of the wave character obey wave-particle duality relations. Specifically, we find
with both inequalities saturating for pure which-path detector states. The relation P 2 t + V 2 ≤ 1 was proven in Ref. [7] . However, with the second inequality in Eq. (12) we identify a tighter wave-particle duality relation for mixed detector states. Note that, since all above measures are normalized, i.e. 0 ≤ V, P t , P f ≤ 1, wave and particle character are mutually exclusive, i.e. the single quantum particles under consideration cannot fully display both properties simultaneously. We stress that we refer to relations of the form (12) as wave-particle duality relations if the inequality saturates for pure states, since this case is fully characterized by quantifiers of precisely two complementary properties. Otherwise, the two involved measures do not necessarily account for the totality of all observable phenomena, and, on the basis of Bohr's notion [2] [see the Introduction], we refer to them as complementarity relations.
III. MANY PARTIALLY DISTINGUISHABLE PARTICLES
We now proceed to the case of many particles. We first provide a general description of partially distinguishable particles in first quantization, and inspect the reduced density operators obtained by tracing over the internal or external degrees of freedom. Formally, we thus discuss wave-particle complementarity for many particles in the same spirit as for the single-particle double-slit experiment elaborated upon in the previous section.
A. Partially distinguishable particles in first quantization
We want to describe N identical bosons or fermions in an arbitrary N -particle internal (I) state and distributed over n mutually orthogonal external (E) states, or modes. The Hilbert space H = H E ⊗ H I of a single particle is composed of the n-dimensional external Hilbert space H E spanned by the orthonormal basis {|e 1 , . . . , |e n }, together with the m-dimensional internal Hilbert space H I spanned by the orthonormal basis {|i 1 , . . . , |i m }. For N identical particles, the basis states of H ⊗N = H ⊗N E ⊗ H ⊗N I are given as N -fold tensor products of single particle basis states. An orthonormal basis of the n N -dimensional external Hilbert space H ⊗N E is therefore composed of the states
with E j ∈ {e 1 , . . . , e n }. In the literature, the N -tuple E is commonly called mode assignment list [53] [54] [55] [56] [57] . Analogously, an orthonormal basis of the m N -dimensional Nparticle internal Hilbert space H ⊗N I is given by states
where I j ∈ {i 1 , . . . , i m }. Note that in Eqs. (13) and (14) each particle is implicitly given a label corresponding to its position in the tensor product. This sort of labeling is characteristic of the first quantization formalism and is unphysical for identical particles. Therefore, we eliminate it by (anti)symmetrization later on.
With an orthonormal basis of H ⊗N at hand, we can now describe partially distinguishable particles with an arbitrary internal state and a fixed distribution over the external modes (the latter is a natural assumption, inspired by a typical experimental scenario, e.g., in photonic circuitry [58] [59] [60] [61] [62] ). This distribution is specified by the mode occupation list [53] [54] [55] [56] [57] 
where R j is the number of particles in mode j. Since several mode assignment lists E correspond to a given occupation R, we single out the mode assignment list E ≡ E( R) with components listed in increasing order, E 1 ≤ E 2 ≤ · · · ≤ E N . Other external basis states corresponding to the same mode occupation R are then obtained by permutation of the factors of | E . The external state of the particles can therefore be written in terms of the states
for π a permutation in the symmetric group S N . Regarding the internal degrees of freedom, we impose no restriction on the N -particle state, which we write as a general superposition of all internal basis states (14) ,
The coefficients C (j) I ultimately determine the distinguishability of the particles [36, 40, 63] . The bosonic (fermionic) state of particles in the external configuration R with the internal state |Ω (j) is then obtained by (anti)symmetrization, i.e. by forming the coherent sum over all permutations (disregarding normalization, for the moment)
where we have introduced the permuted internal basis states
The sign factor is given by (−1) π B = 1 for bosons and (−1) π F = sgn(π) for fermions, respectively. In case of multiple occupations, i.e. if there is a mode i such that R i ≥ 2, distinct permutations π = π can lead to the same state | E π = | E π . This defines an equivalence relation π ∼ π , and we constitute a set Σ ≡ Σ( R) by choosing one representative in each of the R = N !/( n j=1 R j !) equivalence classes. Any permutation π ∈ S N can then be uniquely decomposed as π = ξµ, with µ ∈ Σ and ξ ∈ S R , where S R = S R1 ⊗ · · · ⊗ S Rn denotes the subgroup of S N which leaves | E invariant [64] . Since each permutation µ ∈ Σ corresponds to one of the R inequivalent ways of ordering the particles, we refer to µ as a particle labeling. The state |Ψ (j) can thus be written as a sum over particle labelings
From Eq. (20) , one sees that the coefficients C 
Example of a state of N = 3 partially distinguishable particles with mode occupation list R = (2, 1, 0, . . . , 0) and, correspondingly, mode assignment list E = (1, 1, 2). External states are depicted by black arrows, particles by colored balls and internal states by the balls' coloring, with the yellow envelope illustrating correlations between the particles. Particle distinguishability is determined by the listed coefficients C I .
for all ξ ∈ S R [65] . For fermions, this enforces Pauli's exclusion principle [66] : fermions in the same mode must be in orthogonal internal states. Without loss of generality, we choose the C 
Finally, states with mixed internal degrees of freedom can be expressed as
where |Ψ (j) from Eq. (19) appears with probability q j and j q j = 1. The state of N fully indistinguishable identical particles is obtained by assigning the same internal state to each particle, e.g. |Ω = |i 1 ⊗N . Fully distinguishable identical particles are obtained when all particles are in mutually orthogonal internal states, such that they can be identified unambiguously, e.g. if |Ω = |i 1 ⊗ |i 2 ⊗ · · · ⊗ |i N .
Before we continue, let us consider a brief example, illustrated in Fig. 2 . We consider N = 3 bosons in n modes with two particles in mode 1 and one particle in mode 2, such that R = (2, 1, 0 . . . , 0), R = N !/( n j=1 R j !) = 3, and E = (1, 1, 2). With the identity permutation and permutations given in cycle notation, the subset Σ = { , (13), (23)} ⊆ S N consists of all three permutations that do not permute particles in the same mode [67] . This allows to extract the subset of external basis states needed in Eq. (19) , {| E µ } µ∈Σ = {|1, 1, 2 , |2, 1, 1 , |1, 2, 1 }. In this example, we consider pure internal states, such that the sum in Eq. (22) consists of just one term and the index j is dropped. Moreover, the single-particle internal Hilbert space is assumed to be of dimension m = 2 and spanned by the basis {|a , |b }. We consider the correlated internal state defined by the choice of coefficients C (a,a,a) = C (a,b,b) = C (b,a,b) = 1/ √ 3, and C I = 0 otherwise. These coefficients satisfy the required symmetry
where permutations ξ ∈ S R only permute particles in the same mode. The internal state (16) then reads
The symmetrized pure state (19) is obtained by combining the external states | E µ and the internal states |Ω µ for all particle labelings µ ∈ Σ,
where the summands in the first, second and third row correspond to µ = , µ = (13) and µ = (23), respectively. One can easily verify that this state is symmetric under the exchange of any two particles, as required for a state of many bosons.
B. The reduced external and internal states
We now consider the reduced external and internal states of systems of partially distinguishable particles, to reveal the connection to the single-particle case described in section II. First, let us rewrite the state (22) in the same form as Eq. (2), with the help of Eq. (19) ,
In general, Eq. (24), describes an entangled state of the external and internal degrees of freedom. As we show below, this entanglement can be used to characterize the distinguishability of the particles [44] , and to quantify the many-particle wave character. We first consider the reduced external state obtained by tracing out the internal state space in Eq. (24),
with elements
[compare with Eqs. (3) and (4)]. In the natural basis {| E } E , the off-diagonal elements of ρ E are thus determined by the overlaps Ω
In the case of distinguishable particles (D), each particle is in a distinct orthogonal internal state and these overlaps vanish. As a result, the reduced external state is maximally mixed,
On the other hand, perfectly indistinguishable bosons (fermions) share the same internal state, such that Ω
Therefore, the external state is pure and given by
The coherences (off-diagonal elements) of the reduced external state thus reflect the indistinguishability of the particles. As we show in Sec. IV below, these coherences are at the origin of many-particle interference in the external degrees of freedom and therefore are constitutive of the particles' wave character. On a related note, the purity of ρ E , which, by virtue of Eqs. (27) and (28), quantifies the separability of internal and external degrees of freedom, is, in turn, a marker of indistinguishability. In the case of indistinguishable particles, the particles' internal and external degrees of freedom are uncorrelated and ρ E appears pure. On the other hand, for fully distinguishable particles, with each particle in a distinct orthogonal internal state, the particles' internal and external degrees of freedom are maximally correlated, and the reduced state ρ D E is maximally mixed. We pursue this direction further in the next section.
Let us now consider the reduced internal state by tracing over the external state space in Eq. (24),
The result is a balanced mixture of the internal states
which correspond to different particle labelings µ [note the close analogy with Eq. (7)]. In the case of indistinguishable particles, the internal states ρ µ I are equal for all particle labelings µ ∈ Σ and cannot be discriminated. In contrast, for distinguishable particles and pure internal states, involving a single summand in (31), the states ρ µ I can be discriminated with certainty, i.e. ρ µ I and ρ ν I have support on orthogonal subspaces, for µ = ν. Therefore, different particle labelings can be told apart from each other. Mixed internal states, however, can prevent a perfect discrimination of the states ρ µ I , even in the case of fully distinguishable particles. In this regard, we identify the ability to discriminate different labelings with the particle character of many-body states. We elaborate on this aspect in the following section.
C. Measures for wave and particle character
In the previous section, we identified the magnitude of the coherences of the reduced external state (25) with the many-particle wave character, and the ability to discriminate the internal states (31) with the constituents' particle character. Based on these observations, we now define normalized measures that quantify these attributes.
Wave character
A first measure for the wave character of a manyparticle state is given by the normalized coherence of ρ E
This is simply the sum of absolute values of off-diagonal elements of ρ E , normalized such that 0 ≤ W C ≤ 1, with W C = 0 for distinguishable and W C = 1 for indistinguishable particles [compare to Eq. (5)]. Above, we have pointed out that particle distinguishability is rooted in entanglement between external and internal degrees of freedom. The purity of the reduced external state, Tr ρ 2 E , quantifies the degree of entanglement and is the basis for our second measure of the wave character, the normalized purity
which satisfies 0 ≤ W P ≤ 1 since the purity is bounded by 1/R ≤ Tr ρ 2 E ≤ 1 [compare to Eq. (6)]. Just as for the previous measure, W P = 0 corresponds to distinguishable and W P = 1 to indistinguishable particles. Note that W P was identified [69] as a coherence measure that is related to the Frobenius norm (or Hilbert-
. Moreover, a similar measure for many-particle indistinguishability was proposed in Ref. [34] [Eq. (52) there].
As we show in Appendix B, similarly to W C from Eq. (32), the normalized purity W P can also be expressed in terms of a sum over the off-diagonal elements of ρ E . In particular, W C (resp. W P ) is related to the L 1 -norm (resp. L 2 -norm) of a vector whose elements correspond to the off-diagonal elements of ρ E . In this regard, both measures quantify the ability for the state to display manyparticle interference [see Sec IV below]. We further prove in Appendix B that these measures obey the following hierarchy:
It is worth noting that this inequality does not necessarily saturate for pure internal states. It saturates if and only if all off-diagonal elements (26) of ρ E have equal modulus [see Appendix B for details].
Quantum state discrimination and particle character
In section III B, we associated the distinctiveness of the internal states ρ µ I in Eq. (31) with the many-body state's particle character. To quantify this property, we make use of the concept of quantum state discrimination, which we briefly introduce in the following.
Given a quantum state drawn from the set {ρ 1 , . . . , ρ k } with corresponding a priori probabilities η 1 , . . . , η k , quantum state discrimination aims at quantifying the ability to discriminate between ρ 1 , . . . , ρ k via a general measurement. Therefore, one considers positive-operator valued measures (POVMs) M = {M j } k j=1 , consisting of positive semidefinite Hermitian operators, which satisfy k j=1 M j = 1, such that outcome j identifies state ρ j . In minimum error or ambiguous quantum state discrimination (AQSD) [48-50, 71, 72] , the outcome of the measurement does not necessarily identify the right state and one chooses M such as to maximize the probability of a correct result, leading to the success probability
In unambiguous quantum state discrimination (UQSD) [50] [51] [52] [73] [74] [75] , one demands that output j identifies state ρ j with certainty, which is only possible if one supplements the POVM M with a Hermitian operator M 0 corresponding to an inconclusive answer. The success probability then reads
In general, for both success probabilities P AQSD and P UQSD , no exact expressions in terms of distances between ρ 1 , . . . , ρ k are known. However, various upper bounds were derived [50, 72] , some of which we utilize in the following. We now turn towards the quantification of a given many-body state's particle character, with the help of quantum state discrimination. Our aim is to discriminate the internal states {ρ µ I } µ∈Σ from Eq. (31), with equal a priori probabilities 1/R, by virtue of Eq. (30) . First, we use the upper bound on the success probability (35) for AQSD as derived in Ref.
[71]. Given our above definitions, it reads
with the trace-distance-based measure
This measure is normalized, 0 ≤ P T ≤ 1, with the lower bound being reached if all internal states ρ µ I are equal. The upper bound saturates if all pairs of distinct internal states ρ µ I and ρ ν I have orthogonal support. In this regard, the distance measure (37) quantifies the ability to discriminate particle labelings and, thus, serves as a measure for the particle character.
A second quantifier of the many-body state's particle character can be motivated by the upper bound on the success probability for UQSD [see Eq. (36) ], derived in [52] . For the discrimination of states {ρ µ I } µ∈Σ with equal a priori probabilities 1/R, we have
where the pairwise fidelity measure F is given by
From Eq. (38) it follows that P UQSD ≤ √ 1 − F 2 , which motivates the definition of
as a measure for the particle character. Similarly to the case of P T from Eq. (37), we have 0 ≤ P F ≤ 1 with P F = 0 if all internal states ρ µ I are equal and P F = 1 if all pairs of distinct states ρ µ I have orthogonal support. With the help of the Fuchs-van de Graaf inequality (8), we obtain a relation reminiscent of Eq. (11),
which is proven in Appendix C. Indeed, for R = 2 different particle labelings (analogous to two mutually exclusive path A and B in the single particle interference scenario discussed in Sec. II above), P T and P F coincide with P t and P f from Eqs. (9) and (10) . However, while P t = P f for pure states, in general Eq. (41) does not saturate for pure internal states in the case R > 2.
D. Wave-particle duality
So far, for many partially distinguishable particles, we related the measures W C and W P [see Eqs. (32) and (33) ] to the many-particle wave character, and P T and P F [see Eqs. (37) and (40)] to the particle character. These measures quantify the ability of particles to display interference on the one hand, and the possibility of individually identifying and tracking them on the other hand. Waveparticle duality relations state that both properties cannot be fully realized in the same state: the amount of wave character limits the amount of particle character, and vice versa. For P F and W P , this is quantitatively expressed by
which we prove in Appendix D. This constitutes a waveparticle duality relation since it saturates for pure internal states. By the hierarchies (34) and (41) (which do not necessarily saturate for pure internal states), we additionally find complementarity relations between all combinations of the above defined wave and particle measures:
for all J ∈ {T, F} and K ∈ {C, P}. All complementarity relations (43) and their dependence on the mixedness of the internal state are illustrated via a numerical example in Fig. 3 . We consider N = 3 particles occupying distinct modes, with external and internal single-particle Hilbert spaces of dimension n = m = 4. We generate 300 random states of partially distinguishable particles by mixing l = 1, 3, 10 or 30 different pure internal states (21) [see Eq. (22)]. The probabilities q j in (22) are randomly chosen according to a uniform probability distribution in the range q j ∈ [0, 1], and normalized such that l j=1 q j = 1. Manyparticle distinguishability is encoded in the coefficients C
I ) -which enter through (21) . To fairly distribute the 300 generated states over all possible levels of partial distinguishability, for the internal states of the kth state (with 0 ≤ k ≤ 300) we uniformly pick r I , which are then appropriately normalized, such that I |C (j)
Note that no symmetrization of the coefficients is required since we consider at most singly occupied modes.
In Figs. 3(a-d) and 3(e-h), we plot the squared wave character quantifiers W 2 C and W 2 P against the squared particle character quantifiers P 2 F and P 2 T , for l = 1, 3, 10, and 30. Pure internal states (l = 1) come close to saturating the upper bound for all complementarity relations (43) , as shown in Figs. 3(a) and (e). In particular, the saturation of Eq. (42) is evident from Fig. 3(a) . However, for an increased mixing of internal states, i.e. for increasing l, the sum of the squared quantifiers of complementary many-particle properties tends to move away from the upper bound which, by Eq. (41), is stronger for
]. Note that while full wave character quantifiers imply vanishing particle character quantifiers, the converse is not true. Indeed, mixing of internal states can reduce the particle character quantifiers [see the discussion below Eq. (31)], such that states with a low wave character can also have low particle character. For all sampled states, we find very similar values for both for details]. Panels (a-d) show the wave character measures W 2 P (blue circles) and W 2 C (red triangles) plotted against the particle character quantifier P 2 F , while in panels (e-h) they are plotted against P 2 T . In all panels, the solid black line corresponds to the upper bound according to (43) . wave character quantifiers. As shown by the zooms in Fig. ( 3)(f), the difference between W 2 P and W 2 C tends to increase with more pronounced particle character, which can be traced back to inhomogeneities in the moduli of the off-diagonal elements of ρ E [see Appendix B].
Let us now return to the analogy between manyparticle complementarity as summarized by (43) and the double-slit experiment discussed in Sec. II. First of all, the common state (2) of particle and detector is struc- turally very similar to the many-body state (24) of external and internal degrees of freedom. In both cases, the weaker the entanglement between the subsystems, the more pronounced the wave character of the state. This observation has its direct counterpart in the congruent structure of the wave character quantifiers in Eqs. (6) and (33) . Consistently, the wave character is related to the coherences of the reduced single-particle state by (5) , and of the reduced many-particle external state by (32) . The latter, however, leaving room for a much more subtle quantum-classical transition than the former, due to the many degrees of freedom involved. Likewise, the particle character is determined by the ability to discriminate the states (7) of the which-path detectors in the single-particle case and the many-body internal states (30) in case of partially distinguishable particles. To quantify the particle character, concepts imported from quantum state discrimination lead to a generalization of Eqs. (9) and (10) by (37) and (40). This deep analogy then results in the many-body generalization (43) of the single particle duality relation (12) . For the sake of clarity, all character measures and complementarity relations presented in Secs. II and III are summarized in Table I .
IV. WAVE-PARTICLE DUALITY IN THE INTERFERENCE OF MANY PARTICLES
In the previous section, we considered states of partially distinguishable particles and associated the coherence and the purity of their reduced external states ρ E with their wave character, arguing that both properties give rise to many-particle interference. We now substantiate this claim by investigating the outcome of interference experiments performed with partially distinguishable particles.
The experimental arrangement under consideration is depicted in Fig. 4 and consists of a generic state (24) 4 . General setting of a many-particle interference experiment with a state ρ of N partially distinguishable particles in n modes (colored balls covered by a yellow envelope illustrating correlations in the internal degrees of freedom). The external state ρE evolves according to a many-particle, possibly interacting, unitary U ∈ U(n N ) (illustrated in blue) and is measured by a POVM M with outcomes 1, . . . , k (illustrated in red). As a consequence of wave-particle duality, the visibility of many-particle interference is bounded by the particles' degree of distinguishability.
of many partially distinguishable particles, which undergoes coherent evolution of its external degrees of freedom while the internal state remains unaffected. We thus consider the evolution of the reduced external state ρ E under an arbitrary many-particle unitary U , chosen from the unitary group U(n N ). Note that, in general, U describes an interacting evolution, and not only a unitary mapping of the input modes to the output modes -thus the degree of U is exponential in the particle number. After the evolution, the resulting state U ρ E U † is measured with the help of a POVM M. Note that one could in principle absorb the unitary evolution into the measurement M, however, for the sake of clarity, we consider evolution and detection stages separately.
Let us assume that the POVM M = {M j } k j=1 has k distinct outcomes and results in the probability distribution P M = {p(j)} k j=1 for partially distinguishable particles. Here, p(j) = Tr M j U ρ E U † is the probability of outcome j ∈ {1, . . . , k}. In the following, we consider distances between such output probability distributions. We make use of the classical analogues of trace distance D(ρ, σ) and quantum fidelity F (ρ, σ), known respectively as the Kolmogorov distance (or L 1 distance),
and Bhattacharyya coefficient (or fidelity),
which both take values between 0 and 1 [46, 47] . These measures are related to the trace distance and quantum fidelity by an optimization over all POVMs: if ρ A and ρ B are two states leading to distributions P A M and P B M , then [47] 
In analogy to their quantum counterparts [cf. Eq. (8)], these measures obey the Fuchs-van de Graaf inequality [47] 
A. Permutations of the internal states
In Sec. III C 2, we defined the measures P T and P F [see Eqs. (37) and (40)] to quantify the many-body state's particle character. These measures are based on the discrimination of different particle labelings µ ∈ Σ by comparison of the corresponding internal states ρ µ I from Eq. (31) . We now show that different particle labelings can equivalently be discriminated by comparing common states of external and internal degrees of freedom that only differ by an initial permutation of the internal states. Therefore, instead of the unpermuted internal many-particle states |Ω (j) from Eq. (16), we consider the internal states |Ω 
Here, the subscript κµ in |Ω (j) κµ refers to a composition of permutations, with permutation κ and µ arising due to the initially permuted internal states and the symmetrization of the many-particle state, respectively.
In Appendix E, we prove the equality of the distances
and of the fidelities
with ρ κ and ρ κ I from Eq. (49) and (31) , respectively. Thus the discrimination of different particle labelings κ can be equally well performed by comparing the internal states ρ κ I or the permuted common states ρ κ . We therefore investigate how the outcomes of interference experiments as sketched in Fig. (4) differ for permuted states. This will lead us to classical counterparts of the measures P T and P F of the particle character, which also obey complementarity relations of the form (43) .
Let us denote by ρ κ E the reduced external state of the permuted state, ρ κ E = Tr I (ρ κ ), and by P κ M the probability distribution obtained when ρ κ is used as input in the experiment depicted in Fig. 4 . As we prove in Appendix F, for two permutations κ = τ , the classical distances between the corresponding output probability distributions are bounded by the magnitude of the corresponding off-diagonal element of ρ E ,
Thus, for external states ρ E with large coherences, | E κ | ρ E | E τ | ≈ 1/R, permuted input states lead to similar output probability distributions. Given this observation, it is natural to consider all pairwise differences in the output probability distributions P κ M , P τ M , κ = τ . We therefore define classical analogues of P T and P F from Eqs. (37) and (40):
with 0 ≤ P T , P F ≤ 1. Similarly to Eqs. (11) and (41), these measures obey
and they are bounded from above by their quantum counterparts,
Equation (55) and (56) are proven in Appendices G and H, respectively. In consideration of Eq. (43), the inequalities in (56) directly lead to the complementarity relations
for J ∈ {T, F} and K ∈ {C, P}. In contrast to Eq. (43), these relations use experimental outcomes in the external degrees of freedom to quantify the particle character.
In case of indistinguishable particles, the state remains invariant under permutations of the particle's internal degrees of freedom and thus P κ M is the same for all permutations κ, such that P T = P F = 0 [see Eqs. (53) and (54)]. On the other hand, permuting partially distinguishable particles in the input can change the output statistics, which then leads to non-vanishing measures P T and P F .
B. Partially distinguishable vs. indistinguishable particles
When considering experiments with partially distinguishable particles, it is common to compare the output distribution against the extreme distributions obtained with fully distinguishable or fully indistinguishable particles. In this way, one can define generalized visibilities of many-particle interference. Here, we start by comparing the output probability distribution P M to the one obtained with strictly indistinguishable bosons (fermions) P
B(F)
M . This question was addressed in Ref. [36] in the context of Boson Sampling, that is for non-interacting bosons and (possibly imperfect) particle number measurements. Here we generalize the result of [36] to both bosons and fermions, interacting evolutions, and arbitrary measurements.
We start by noting that |ψ B(F) from Eq. (29) is an
This is proven in Appendix I. As we further show in Appendix J, Eq. (58) leads to
Given the relation (46) between the trace distance and the Kolmogorov distance, as well as the invariance of the trace distance under unitary transformations [46] , we find
with the bound saturating for an optimal measurement [see Appendix K for details]. The difference between the outcomes of experiments performed with partially distinguishable and with indistinguishable particles is thus rather intuitively constrained by the similarity of the input state to the state of ideal bosons or fermions, as measured by the fidelity F 2 (ρ B(F) E , ρ E ). Furthermore, this fidelity is related to the coherences of ρ E , and therefore to the state's wave character, through
as can be seen by singling out the terms with µ = ν in Eq. (I1) and recognizing the coherences from Eq. Under the assumptions of non-interacting particles and perfect particle number measurement [76] , we can identify p s in Eq. (12) of [36] with F 2 (ρ B E , ρ E ). We also note that similar considerations were made under a grouptheoretical perspective in Ref. [44] [e.g. compare Eq. (59) with Eq. (66) in [44] ].
C. Partially distinguishable vs. fully distinguishable particles
We now compare the outcomes of experiments carried out with partially or fully distinguishable particles. To this end, we utilize the Kolmogorov distance (44) and Bhattacharyya coefficient (45) , and define the visibilities
These visibility measures quantify the interference contrast, they are normalized, 0 ≤ V T , V F ≤ 1, and yield V T = V F = 0 for distinguishable particles. For indistinguishable particles one finds V T , V F ≤ 1, with the saturation V T = 1 (resp. V F = 1) in the case of an optimal measurement. As a consequence of the relations between quantum and classical trace distance and fidelity [cf. Eqs. (46) and (47)], V T and V F are smaller than their quantum counterpart,
respectively, with ρ D E from Eq. (27) . The inequalities in (64) and (65) saturate for an optimal measurement, such as a projection onto the the eigenstates of U ρ E U † [see e.g. Secs. 9.2.1 and 9.2.2 in [46] ].
Equations (64) and (65) define the distinguishability measures D T and D F , which therefore satisfy
Given 
Partially distinguishable vs. fully distinguishable particles particles, and the upper bound for distinguishable particles. Equations (66) and (67) thus provide a bound on the visibility based on the distinguishability of the particles, as measured by D T and D F , regardless of the exact form of ρ E , which e.g. depends on the particle type. Interestingly, the distinguishability measures D T and D F are also connected to the previously defined wave character measures (32) and (33) by
for K ∈ {C, P}. Equations (68) and (69) are proven in Appendix L and M, respectively. Although Eqs. (68) and (69) do not explicitly refer to outcomes of experiments, they once more highlight the suppression of the wave character by particle distinguishability. For a better overview, Table II summarizes the relations presented in the present section.
To finish, let us illustrate the behaviour of the visibilities V T and V F [see Eqs. (63) and (62) ] and the inequalities (66) and (67) by two interference experiments on a balanced beam splitter, followed by a projective measurement of the number of particles in the output modes, illustrated in Fig. 5 . First we consider the Hong-Ou-Mandel experiment [28, 77, 78] with N = 2 noninteracting, partially distinguishable bosons, which impinge on different input modes [input (a) in Fig. 5 ]. For this input state we have R = (1, 1), R = 2, E = (1, 2), and Σ = S 2 = { , (12)}, with the identity permutation and (12) permuting the particles. In the external basis {| E } E = {|1, 1 , |1, 2 , |2, 1 , |2, 2 }, the reduced external state (25) reads
where the second and third rows and columns correspond to the subset of states {| E µ } µ∈Σ = {|1, 2 , |2, 1 } needed in (19) to describe states (22) with particles in different modes. We write the non-zero off-diagonal element (26) in polar representation, with [ρ E ] ,(12) = j q j Ω (j)
The non-interacting evolution of state (70) is governed by the unitary U = u ⊗2 , with
the single particle transformation matrix of the beam splitter. Thereupon, the number of particles in the output modes is measured by M = {M S } S , with S the output mode occupation defined analogously to R in Sec. III A, and M S = µ∈Σ( S) | E µ ( S) E µ ( S)| the projector on external states with occupation S. In total, there are three different output mode occupations S, which occur with probability p( S) = Tr M S U ρ E U † . These probabilities form the distribution P M , and read p((1, 1)) = 1 2 (1 − r cos(θ)) , p((2, 0)) =p((0, 2)) = 1 4 (1 + r cos(θ)) .
(72)
In the case of distinguishable particles, r = 0, such that 1, 1, 0) , and the output probability distribution P D M becomes p D ((1, 1) 
Therewith, a short calculation reveals the distinguishability measures in (64) and (65),
Note that in this case, measures (32) and (33) Input (b) refers to a state of two particles in each input mode (blue balls), partially distinguishable through a tunable delay ∆t of the arrival times of particles in mode 1 with respect to those in mode 2 at the beam splitter [31] .
. The probability distributions P M and P D M yield the visibilities from Eqs. (62) and (63),
Interestingly, by virtue of (72) and (73) , the visibility measure V T from Eq. (76) coincides with the usual interference contrast,
for all output events S. With D T and V T from Eqs. (74) and (76) as well as D F and V F from Eqs. (75) and (77), both inequalities (66) and (67) reduce to | cos(θ)| ≤ 1, and saturate for cos(θ) = ±1. Finally, with W C = W P = r and Eqs. (76) and (77),
With Eq. (43) this leads to P 2 J + V 2 K ≤ 1, for all J ∈ {T, F} and K ∈ {T, F}, in direct analogy with the wave-particle duality relations (12) of the double-slit experiment.
For internal product states
the off-diagonal element
is real and positive such that cos(θ) = 1, and the probability of the output event S = (1, 1) in (72) decreases with increasing particle indistinguishability. This refers to the usual scenario of the Hong-Ou-Mandel experiment with uncorrelated bosons. However, if the bosons are in an entangled internal state, this relation can be modified, or even inverted [77, 78] . The second scenario is illustrated in Fig. 5(b) , and comprises N = 4 bosons, with two bosons entering each input mode. Accordingly, we have R = (2, 2), R = 6, E = (1, 1, 2, 2), and S R = { , (12), (34), (12)(34)}. The particles are considered as fully indistinguishable except for their arrival times at the beam splitter, with the particles in the first mode delayed by ∆t. This time delay gives rise to the coefficient [31] 
where c ∈ R is a constant that depends on the particles' wavelength, such that the many-particle internal state (16) can be written as |Ω =α 2 |a, a, a, a + α 1 − α 2 |b, a, a, a
Here, |a and |b correspond to orthonormal internal states, and the coefficients C I from Eq. (16) are given by C (a,a,a,a) = α 2 , C (b,a,a,a) = C (a,b,a,a) = α √ 1 − α 2 , and C (b,b,a,a) = 1 − α 2 . As required, this set of coefficients is normalized, I |C I | 2 = 1, and symmetric under the exchange of particles in the same mode, C I = C I ξ for all ξ ∈ S R [see below Eq. (20) ]. Accordingly, the internal state (79) is normalized, and symmetric, i.e. |Ω ξ = |Ω for all ξ ∈ S R .
After the evolution of the many-particle state according to U = u ⊗4 , with u from Eq. (71), we again consider the projective measurement M = {M S } S of the number of particles in the output modes [see below Eq. (71)]. For four particles distributed across two output modes, this measurement has five different outcomes, S ∈ {(2, 2), (3, 1), (1, 3) , (4, 0), (0, 4)}, whose transition probabilities are plotted against α in Fig. 6(a) . In particular, the transition probability for S = (2, 2) undergoes a non-monotonic transition [31] . However, as evident in Fig. 6(b) , the many-particle visibility V T from Eq. (63) varies monotonously as a function of α. Moreover, in Fig. 6(b) one observes that the projective measurement M, measuring the number of particles in the output modes, does not correspond to the optimal measurement for which V T reaches its upper bound (65) . The visibility V F from Eq. (63) obeys a similar behavior.
V. CONCLUSION
We started our discussion by revisiting the paradigmatic example for wave-particle duality: the singleparticle double-slit experiment. We called attention to a yet unconsidered wave-particle duality relation, P 2 f + V 2 ≤ 1, which, like the established relation P 2 t + V 2 ≤ 1, relates the loss of interference contrast to the ability to discriminate which-path detector states. On this basis, we extended the notion of wave-particle duality to the case of many partially distinguishable particles, and identified several measures that quantify the many-body state's wave and particle characters. Wave-like behavior is associated with the coherence or purity of the reduced external state, while corpuscular behavior is linked to the ability to discriminate internal states of the particles. As a result, we obtained the explicit wave-particle duality relation (42) as the central result of this paper.
We then showed how these wave and particle characters affect the outcome of experiments, which consist of a general interacting many-particle evolution followed by an arbitrary measurement. In particular, we demonstrated a bound for the difference between the output statistics for indistinguishable and partially distinguishable particles. Finally, we defined many-particle visibilities that are fundamentally bounded by particle distinguishability, as quantified by Eqs. (66) and (67). These visibilities have a clear physical meaning: they quantify the difference of experimental outcomes between distinguishable and partially distinguishable particles, and, in particular, V T from Eq. (62) coincides with the usual interference contrast in the Hong-Ou-Mandel experiment.
Formally, the effect of particle distinguishability on the reduced external many-body state bears a profound similarity to decoherence due to interactions with an environment. At the single-particle level, this relation is clear: for example, in the double-slit interference of macromolecules [21, 23] , collisions entangle the particle's state with the environment and lead to which-way information that deteriorates single-particle interference. In the many-particle case, we here assumed that the entanglement of internal and external degrees of freedom is given a priori. How such correlations can build up from the controlled or uncontrolled interaction of the system with an environment remains open for future investigations.
where we identified V from Eq. (5) in the last step. By plugging (A1) into Eq. (10), we obtain
which results in the second inequality of Eq. (12),
The first inequality in Eq. (12) follows directly from Eq. (11) . Note that both inequalities saturate for pure states.
Appendix B: Proof of the hierarchy (34) of quantifiers of the many-body state's wave character Before we prove the hierarchy in Eq. (34), let us rewrite the two measures W C and W P from Eqs. (32) and (33) .
With ρ E from Eq. (25), the summands of the normalized coherence (32) can be expressed as
and by plugging into Eq. (32) we obtain
Going on to the purity-based measure, a straightforward calculation gives the purity of ρ E ,
Since the summands for µ = ν yield 1/R, the normalized purity (33) becomes
(B3)
Now we are set to prove the hierarchy (34) . We start from Eq. (B2) and use the Cauchy-Schwarz inequality,
where we identified the square of Eq. (B3) in the last step. Accordingly, Appendix C: Proof of the hierarchy (41) of quantifiers of the many-body state's particle character
In order to prove Eq. (41) we consider the squared particle character measure P T from Eq. (37) and use the Fuchs-van de Graaf inequality (8) , resulting in
Now, using the Cauchy-Schwarz inequality, we arrive at
where we used Eq. (39) in the last step. By definition (40) , this leads to P T ≤ P F , which was our initial claim.
Appendix D: Proof of the many-particle wave-particle duality relation (42) We prove the wave-particle duality relation (42) in a similar way as in the proof of P 2 f +V 2 ≤ 1 in Appendix A. First of all, we consider the pairwise fidelities of internal states (31) corresponding to different particle labelings and utilize the fidelity's concavity [46] :
with the inequality saturating for pure internal sates. Therefore, the fidelity measure F in Eq. (39) obeys
where we identified W P from Eq. (B3). By means of the definition (40), P F = √ 1 − F 2 , we then obtain
and, hence, P 2 F + W 2 P ≤ 1, which had to be proven.
Appendix E: Proof of Eqs. (50) and (51) In order to prove Eqs. (50) and (51), we first show that ρ κ from Eq. (49) 
with the permutation operator Π µ acting on the internal basis states as Π µ | I =Π µ |I 1 , . . . , I N = |I µ(1) , . . . , I µ(N )
and, by Eq. (16),
Note that in Eq. (E1), we explicitly state the dependence of the mode assignment list E and of the subset Σ on the mode occupation R since we sum over all possible R. Given that R µ∈Σ( R) | E µ ( R) E µ ( R)| = E | E E| = 1 and Π † µ Π µ = 1, one checks that V is indeed unitary. Utilizing Eqs. (28) , (29) , (31) , (E1) and (E2), we then obtain for the transformed state
where we identified ρ κ from Eq. (49) .
We are now set to prove Eqs. (50) and (51) . Let us start with Eq. (50): We rewrite the trace distance D(ρ κ , ρ τ ) between permuted states using Eq. (E3) and use the invariance of the trace distance under unitary transformations:
Next, we use D(α ⊗ σ, α ⊗ ρ) = D(σ, ρ) for density matrices σ, ρ and α. This turns Eq. (E4) into
which proves Eq. (50) . Equation (51) can be proven similarly: Utilizing Eq. (E3), the invariance of the fidelity under unitary transformations and the multiplicativity of fidelities, we obtain
which proves Eq. (51).
=P 2 F , where we identified P F from Eq. (54) in the last step.
. Now, using the contractivity of the trace distance under partial trace [46] as well as Eq. (50) yields
By plugging Eq. (H1) into (53) we then obtain
where we identified P T from Eq. (37) in the last step. In order to prove the second inequality in Eq. (56) we plug Eq. (F1) in (54) such that
In the last step we identified P F from Eq. (40) which finishes the proof.
Appendix I: Proof of the eigenvalue equation (58) We provide two proofs of the eigenvalue equation (58) and ρ E , are not necessarily of the same particle type, e.g. if ρ E describes a state of fermions, then F 2 (ρ B E , ρ E ) corresponds to the squared fidelity between a bosonic and a fermionic state. Therefore, for ρ E we abbreviate the case of bosons (fermions) by B (F ), and for the pure state ρ B(F) E by B (F). Starting from Eqs. (25) and (29) , the squared fidelity can be written as 
Next, consider the expression in parenthesis, for brevity denoted by Z, and insert a sum over all ξ ∈ S R ,
In the last step we used |Ω The latter is a consequence of Pauli's principle. Now we use that the permutations π ∈ S N can be decomposed as π = ξν, with ξ ∈ S R and ν ∈ Σ, such that
Again using the decomposition π = ξν, with ξ ∈ S R and ν ∈ Σ, the symmetry |Ω 
Thus, in consideration of Eqs. (I2) and (I3) we have
with the identity permutation. Therewith, the squared quantum fidelity in (I1) becomes For the trace distance between ρ E and ρ D E from Eqs. (25) and (27), we can use Tr ρ D E ρ E = Tr (ρ D E ) 2 = 1/R, such that
Considering Eq. (33), we have
which leads us to
By plugging into Eq. (64) we obtain
and, accordingly, D 2 T + W 2 P ≤ 1. Together with the hierarchy (34) , this proves Eq. (68).
Appendix M: Proof of Eq. (69)
In order to prove Eq. (69), we first of all recall that ρ D E from Eq. (27) is maximally mixed, such that ρ D E and ρ E can be simultaneously diagonalized. Letting λ α be the eigenvalues of ρ E , the fidelity of ρ D E and ρ E can thus be written as [46, 47] 
Taking the square of Eq. (M1) and utilizing α λ α = 1 yields
Now, using the Cauchy-Schwarz inequality in the second summand, we obtain
where we used α =β λ α λ β = 1 − Tr ρ 2 E in the last step. By plugging Eq. (L1) into (M3) and rearranging accordingly, we arrive at
Now, by Eq. (65), we can identify the left hand side with D F , such that
In consideration of the hierarchy (34) , this completes the proof of Eq. (69). Note that this proof can also be performed using Theorem 1 in Ref. [81] . However, we provided the entire proof in order to see that the inequality (M4) [ µ . On the other hand, for the description of particles in an internal product state, Ref. [35] introduced the distinguishability matrix S. In this case, we have Ων |Ωµ = N i=1 S ν(i),µ(i) [see also Ref. [83] ]. 
